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a b s t r a c t
The Bermond–Thomassen conjecture states for r ≥ 1, any digraph ofminimum out-degree
at least 2r − 1 contains at least r vertex-disjoint directed cycles. In a recent paper, Bessy,
Sereni and the author proved that a regular tournament T of degree 2r−1 contains at least
r vertex-disjoint directed cycles, which shows that the above conjecture is true for regular
tournaments. In this paper, we improve this result by proving that such a tournament
contains at least 76 r − 73 vertex-disjoint directed cycles.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
First, we recall some basic definitions and notation (which is that of [1]).
For a digraph D, we write V (D) for the vertex set of D, and the order of D is the cardinality of V (D). We write A(D) for
the set of the arcs of D. Two or several arcs are independent if they are pairwise vertex-disjoint. For a subset S of V (D),D[S]
denotes the digraph induced by the vertices of S.
We say that a vertex y is an out-neighbor of a vertex x (in-neighbor of x) if (x, y) (resp. (y, x)) is an arc of D. The number of
out-neighbors of x is the out-degree d+(x) of x, and the number of in-neighbors of x is the in-degree d−(x) of x. Theminimum
out-degree δ+(D) of D is the smallest of the out-degrees of the vertices of D, and the minimum in-degree δ−(D) of D is the
smallest of the in-degrees of the vertices of D.
By path of length m of a digraph D, we mean a sequence P with P = (x1, . . . , xm+1) of distinct vertices of D such that
(xi, xi+1) ∈ A(D) for 1 ≤ i ≤ m. When {x1, . . . , xm+1} = V (D), we say that P is a Hamiltonian path. By cycle of length m
in D, we mean a sequence C with C = (x1, . . . , xm, x1) such that the vertices x1, . . . , xm are distinct, (xi, xi+1) ∈ A(D) for
1 ≤ i ≤ m− 1, and (xm, x1) ∈ A(D). When {x1, . . . , xm} = V (D), we say that C is a Hamiltonian cycle. By disjoint cycles, we
mean pairwise vertex-disjoint cycles. A cycle of length 3 is a triangle.
A triangle (x, y, z, x)will be often denoted (x, u, x), where u is the arc (y, z).
A tournament is a digraph T such that for any two distinct vertices x and y, exactly one of the ordered pairs (x, y) and
(y, x) is an arc of T . A regular tournament of degree d is a tournament T such that d+(x) = d−(x) = d for every vertex x.
Necessarily the order of T is 2d+ 1.
An acyclic (or a transitive) tournament is a tournament T without cycles. Its m vertices can be ordered into a unique
Hamiltonian path (x1, . . . , xm), and then (xi, xj) is an arc of T if and only if i < j.
It is known and easy to prove that every non-acyclic tournament T contains triangles, and thus the sub-tournament
induced by a cycle of T contains at least one triangle.
In 1981, Bermond and Thomassen [2] conjectured that for r ≥ 1, any digraph of minimum out-degree at least 2r − 1,
contains at least r vertex-disjoint cycles.
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Fig. 1. Disjoint triangles and Hamiltonian path of TS .
This is trivially true for r = 1, and Thomassen proved it for r = 2. Recently, Por, Sereni and the author [4], proved it for
r = 3, but the conjecture is still open for larger values of r , even when restricted to tournaments. However, Bessy, Sereni,
and the author [3], proved the conjecture for regular tournaments, in other words, for r ≥ 1 they proved that a regular
tournament T of degree 2r − 1 contains at least r vertex-disjoint cycles (in fact, they proved the conjecture for the larger
class of tournaments with both minimum out-degree and minimum in-degree at least 2r − 1).
In this paper, we improve this lower bound, by proving:
Theorem 1.1. For an integer r ≥ 1, every regular tournament T of degree 2r−1 contains at least 76 r− 73 vertex disjoint directed
cycles.
In 2007, Yuster conjectured in [5] that when n ≡ 3 mod 6, every regular tournament with n vertices has a directed
triangle factor, which means that it contains n3 disjoint triangles (and therefore
n
3 cycles). In fact, this was also conjectured
by Thomassen, five or six years ago, but in a private communication. We think that a refinement of the method used in this
paper could allow a significant progress toward this conjecture. In any case, we think that our lower bound is improvable.
2. Proof of Theorem 1.1
We begin with a preliminary result. Let (x, y) be an arc of a tournament T of order nwith n ≥ 3. We define:
B(x, y) = {z ∈ V (T ) : (x, z) ∈ A(T ), (y, z) ∈ A(T )},
E(x, y) = {z ∈ V (T ) : (z, x) ∈ A(T ), (y, z) ∈ A(T )},
F(x, y) = {z ∈ V (T ) : (x, z) ∈ A(T ), (z, y) ∈ A(T )}.
Observe that E(x, y) is the set of the vertices z such that x, y, and z form a triangle. We denote by b(x, y), e(x, y), and f (x, y)
the respective cardinalities of these three sets. It is easy to see that d+(x) = b(x, y)+f (x, y)+1 and d+(y) = b(x, y)+e(x, y).
It follows that e(x, y) = f (x, y)+ d+(y)− d+(x)+ 1. Hence if T is regular, then we have
e(x, y) = f (x, y)+ 1. (1)
If u = (x, y), then E(x, y), e(x, y), F(x, y), and f (x, y)will also be denoted by E(u), e(u), F(u), and f (u).
The order of the regular tournament T of degree 2r − 1 is 4r − 1. It was proved in [3] that T contains at least r vertex-
disjoint cycles. When r ≤ 14, it holds that r ≥ 76 r − 73 , and so the claim holds in this case. So, from now on, we suppose
r ≥ 15.
Let s be the maximum number of disjoint cycles of T . Clearly s is also the maximum number of disjoint triangles.
In particular, let S = {C1, . . . , Cs} be a set of s disjoint triangles with Ci = (ai, bi, ci, ai) for 1 ≤ i ≤ s. Let us define
V1 = 1≤i≤s V (Ci) and V2 = V (T ) \ V1. Let TS be the sub-tournament of T induced by the vertices of V2. Note that TS is an
acyclic tournament by the maximality of s. Its vertices can be ordered according to its unique Hamiltonian path (x1, . . . , xt)
where t = 4r − 1− 3s. Note that (xi, xj) is an arc of TS , if and only if i < j. (see Fig. 1).
Suppose first that t ≤ 13. This means 4r − 1 − 3s ≤ 13, so s ≥ 43 r − 143 . Since r ≥ 15 implies 43 r − 143 ≥ 76 r − 73 , it
follows s ≥ 76 r − 73 and the claim holds in this case.
So, from now on, we suppose that t ≥ 14 (and r ≥ 15).
For 1 ≤ i ≤ 7, consider the arcs ωi with ωi = (xi, xt+1−i). Denote byΩS the set of the independent arcs ω1, . . . , ω7, and
put e(ΩS) =1≤i≤7 e(ωi). We state:
Claim 2.1. e(ΩS) ≥ 7t − 49.
Proof. For 1 ≤ i ≤ 7, each vertex xj with i + 1 ≤ j ≤ t − i is in F(ωi) and therefore f (ωi) ≥ t − 2i. From Eq. (1), we get
e(ωi) ≥ t − 2i+ 1. It follows that e(ΩS) ≥1≤i≤7(t − 2i+ 1), so e(ΩS) ≥ 7t − 49. 
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For a vertex x ∈ V1, let EΩS (x) denote the set of the arcs ωi ∈ ΩS such that x ∈ E(ωi), and put eΩS (x) = |EΩS (x)|. For a
triangle Ci of S let eΩS (Ci) =

x∈V (Ci) eΩS (x). Since TS is acyclic, for every arc ωi, the set E(ωi) does not contain vertices of
TS . By double-counting, and interchanging the order of summation, we then get e(ΩS) = x∈V1 eΩS (x) = 1≤i≤s eΩS (Ci).
Let US = {x ∈ V1 : eΩS (x) ≥ 4}., and let uS = |US |. We state:
Claim 2.2. If a vertex v of a triangle C of S satisfies eΩS (v) ≥ 2, then eΩS (w) = 0 for every vertexw of C distinct from v.
Proof. If eΩS (w) > 0, then there exists an arc ωj of ΩS such that (w, ωj, w) is a triangle C
′ of T . Since eΩS (v) ≥ 2, there
exists an arc ωk ofΩS with k ≠ j such that (v, ωSk, v) is a triangle C ′′ of T , and clearly this triangle is disjoint from C ′. Now
(S\{C})∪{C ′, C ′′} is a collection of s+1 disjoint triangles, which is impossible bymaximality of s. So, the result is proved. 
Clearly, this claim implies that every triangle C of S, that is disjoint from US , satisfies eΩS (C) ≤ 3. It implies also that
every triangle of S contains at most one vertex of US .
Now, we choose S such that uS is the greatest possible. Suppose first that uS = 0. Since e(ΩS) = 1≤i≤s eΩS (Ci), from
Claims 2.1 and 2.2 we get 7t − 49 ≤ 3s, that is 7(4r − 1− 3s)− 49 ≤ 3s, hence 24s ≥ 28r − 56, which gives s ≥ 76 r − 73 .
So, the claim holds in this case.
Suppose now that uS > 0. By Claim 2.2, without loss of generality, we may suppose that the uS vertices of US are
a1, . . . , auS . We denote ∆S = {C1, . . . , CuS }. Note that ∆S is a sub-set of S strictly included in S when uS < s. For each
triangle Ci of∆S we have eΩS (Ci) = eΩS (ai) ≤ 7.
We denote U ′S =

1≤i≤uS {bi, ci} and V ′S = V2 ∪ U ′S . Clearly, |V ′S | = 2uS + t .
Claim 2.3. The sub-tournament induced by the set V ′S is acyclic.
Proof. Suppose the opposite and then let C ′ be a triangle of T [V ′S]with C ′ = (w, y, z, w). Since T [V2] is acyclic, three cases
are possible:
Case 1: C ′ contains exactly one vertex of U ′S .
Letting w be this vertex, there exists i with 1 ≤ i ≤ uS such that w ∈ V (Ci), and w ≠ ai. Since eΩS (ai) ≥ 4, there exists
an arc ωj of EΩS (ai) disjoint from the arc (y, z) of TS , and that does not contain w. Clearly, the triangles C
′ and C ′′ where
C ′′ = (ai, ωj, ai) are disjoint. Now (S \ {Ci}) ∪ {C ′, C ′′} is a collection of s+ 1 disjoint triangles, a contradiction.
Case 2: C ′ contains exactly two vertices of U ′S .
Lettingw and y be these vertices, two sub-cases are possible:
Sub-case 1: There exists iwith 1 ≤ i ≤ uS such thatw and y are in V (Ci).
The vertices w and y are distinct from ai. Since eΩS (ai) ≥ 4, there exists an arc ωj such that (ai, ωj, ai) is a triangle C ′′
disjoint from C ′. Now (S \ {Ci}) ∪ {C ′, C ′′} is a collection of s+ 1 disjoint triangles, a contradiction.
Sub-case 2: There exist distinct integers i and jwith 1 ≤ i, j ≤ uS such thatw ∈ V (Ci) and y ∈ V (Cj).
Then {w, y} ∩ {ai, aj} = ∅ and z ∈ V2. Since eΩS (ai) ≥ 4 and eΩS (aj) ≥ 4, there exist two disjoint arcs ωk ∈ EΩS (ai)
and ωm ∈ EΩS (aj) non-incident with z. Clearly, (ai, ωk, ai) is a triangle C ′′ disjoint from C ′, and (aj, ωm, aj) is a triangle C (3)
disjoint from C ′ and from C ′′. Now (S \ {Ci, Cj}) ∪ {C ′, C ′′, C (3)} is a collection of s+ 1 disjoint triangles, a contradiction.
Case 3: The three vertices of C ′ are in U ′S .
Here also, two sub-cases are possible:
Sub-case 1: There exist exactly two vertices of C ′ contained in a triangle of∆S .
This means that there exist distinct integers i and j with 1 ≤ i, j ≤ uS such that two vertices of C ′, say w and y are in Ci
and the third vertex z is in Cj. Furthermore {w, y, z}∩{ai, aj} = ∅. Since eΩS (ai) ≥ 4 and eΩS (aj) ≥ 4, there exist two disjoint
triangles C ′′ and C (3) with C ′′ = (ai, ωk, ai) and C (3) = aj, ωm, aj both disjoint from C ′. Now (S \ {Ci, Cj}) ∪ {C ′, C ′′, C (3)} is a
collection of s+ 1 disjoint triangles, a contradiction.
Sub-case 2: The vertices of C ′ are in three distinct triangles of∆S .
There exist distinct integers i, j, k with 1 ≤ i, j, k ≤ uS such that w is in Ci, y is in Cj, z is in Ck, and we have
{w, y, z} ∩ {ai, aj, ak} = ∅. Since eΩS (ai) ≥ 4, eΩS (aj) ≥ 4, and eΩS (ak) ≥ 4, there exist three pairwise disjoint
triangles C ′′, C (3), and C (4), with C ′′ = (ai, ωm, ai), C (3) = (aj, ωp, aj), and C (4) = (ak, ωq, ak), disjoint from C ′. Now
S ′ = (S \ {Ci, Cj, Ck}) ∪ {C ′, C ′′, C (3), C (4)} is a collection of s + 1 disjoint triangles, a contradiction. In any case, we get
a contradiction and so, the result is proved. 
Since the sub-tournament T [V ′S] is acyclic, let (α1, . . . , αγS ), where γS = t+ 2uS = |V ′S |, be the unique Hamiltonian path
of T [V ′S].
Recall that TS is the acyclic sub-tournament induced by the vertices of T no contained in a triangle of S and that the
vertices of TS can be ordered into an unique Hamiltonian path which we denote here by (xS1, . . . , x
S
t ). Clearly, this notation
(and the other using S as subscript or superscript) is valid for every set of s disjoint triangles. We state:
Claim 2.4. There exists a set S ′ of s vertex-disjoint triangles such that xS′1 = α1, xS′t = αγS , xS′2 = α2 and xS′t−1 = αγS−1.
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Proof. Let p be the number of the vertices of {α1, αγS , α2, αγS−1} which are in U ′S . When p = 0, we take S ′ = S and clearly
the result is proved. Suppose now that p ≥ 1 and letm be the number of the triangles of∆S containing one or two vertices
of {α1, αγS , α2, αγS−1}. Without loss of generality, we may suppose that C1, . . . , Cm (with Ci = (ai, bi, ci, ai) for 1 ≤ i ≤ m)
are these triangles. Note that ai ∈ US for 1 ≤ i ≤ m. We have 1 ≤ m ≤ p ≤ 4, with m ≥ 2 when p ≥ 3. Since eΩS (ai) ≥ 4
for 1 ≤ i ≤ m, there exist m independent arcs u1, . . . , um of ΩS with ui ∈ EΩS (ai) for 1 ≤ i ≤ m. This yields m disjoint
triangles C ′i with C
′
i = (ai, ui, ai) for 1 ≤ i ≤ m, and these triangles do not contain vertices of {α1, αγS , α2, αγS−1}. Then
S ′ = (S \ {C1, . . . , Cm}) ∪ {C ′1, . . . , C ′m} is a set of s vertex-disjoint triangles. The vertices α1, αγS , α2, αγS−1 are in TS′ and
since the vertices of V (TS′) are vertices of T [V ′S], it is easy to see that xS′1 = α1, xS′t = αγS , xS′2 = α2 and xS′t−1 = αγS−1. 
Now,we can achieve the proof of Theorem1.1.Wework on the set S ′ of vertex-disjoint triangles constructed in Claim 2.4.




i = (xS′i , xS′t+1−i) for 1 ≤ i ≤ 7.
First, since e(ωS
′
1 ) ≥ t + 2uS − 1 and e(ωS′2 ) ≥ t + 2uS − 3, we have e(ΩS′) ≥ 7t − 49+ 4uS .
On the other hand, since eΩS′ (C) ≤ 7 when C is a triangle of ∆S′ , and eΩS′ (C) ≤ 3 when C is not a triangle of ∆S′ (by
Claim 2.2), we deduce e(ΩS′) ≤ 7uS′ + 3(s− uS′). It follows: 7t − 49+ 4uS ≤ 4uS′ + 3s.
As uS′ ≤ uS (by maximality of uS), it follows 7t − 49+ 4uS ≤ 4uS + 3s, hence 7t − 49 ≤ 3s, which gives s ≥ 76 r − 73 . So,
Theorem 1.1 is proved.
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